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Considered 1s the question of the approximate replacement of a system of 
differential equations with a lag argument by a system of ordinary dlfferent- 
la1 equations. The estimates obtained In this work show that such a replace- 
ment can be realized, with any degree of accuracy, If one makes the order of 
the system of ordinary differential equations high enough. Some theorems on 
the stability of the trivial solutions of the considered systems are estab- 
llshed. 

1. ApproxLvtlon OS the la& olemmt b7 a rtrtall o? ordiaax7 difforoatlal 

rquatiom. We shall describe the state of the lag element Cl] at any Instant 

t by a function X,(U) defined on the interval [- T, 01, where T z= 0 Is 

the constant delay time. The state of the element will be determined at any 

Instan\; t (to < t < tl) If one gives Its initial state zt,((T) and the Input 

function x(t) for to< t\< tp In this case x~(u) = Jc(t + u), whereby, 

here and In the sequel, the function r(t) will be assumed to have been con- 

tinued over the interval [t,- T, ;,,I by means of the function 21,(G), in 

such a way that z (1) = 4, (t - 2s) when is - Z < t < t,. 

The output function g(t) of the lag element Is defined as xt(- T), and, 

hence, can be obtained from the continued Input function by the equation 

v(t) -r(t - 7) . We note that even though the values of x(t) on the lnter- 

val (tl- 7, t,] do not influence the output function (t < tl), nevertheless 

these values are needed for the determination of the state of tine lag element 

when t, - z < t < tl. 

In what follows, the continued Input function x(t) ~111 be assumed to be 

continuous on the Interval It,,- T, t,] . 

Along with the lag element, let us consider an aperiodic link which Is 

described by the equation TZ'+ I = r(t) , where the time constant T coin- 

cides with the delay time of the lag element, while x(t) Is the input func- 

tion of the lag element when t > ts. 
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In order to determine some correspondence between the Initial states of 

the lag element and the aperiodic link, we set 

Let us try to 

output functions 

E(&) - 0 . Let 

has a continuous 

z (t,) = a, (- f> = Y @J 
evaluate the difference E(t) - a(t) - y(t) between the 

of the aperiodic link and of the lag element. We note that 

us suppose that when t,, - T < t < t, , the functkm r(t) 

derivative. Then 

E’(t) = 2’ (t) - ?J* (t) = z-1 [z (t)- 2 (t)] - 2’ (t --z)=--z-l e (t) + cp (t) 

ql (t) = z-1 [z (t) - z (t - z)] - 2’ (t - 7) 

If r’(t)_satlsfles a Llpschltz condition with a constant KS, then 

l’p (t) I f K2 f. 

Icp 0) I < l/&f,~. 

If, however, X” (t ) exists, and If 1 2” (t) I< M,, then 

It Is not difficult to see that 18 (t) I\< K, ~~ in the 

first case, while 1 E (t) 1 f ‘/.&f,‘C’ In the second case. 

Let us consider a chain of VI lag elements [2], with a constant delay 

time 7/m , which are slccessively connected (1.e they are connected so that 

the lnptit function of each element Is the output function of the immediately 

preceding element). We shall construct the Initial states of the chain ele- 

ments from the Initial state of the above considered lag element by means of 

the rule 

Zjl, (P) = Q,(P- Q+) (++&a; j = I,. . ., m) (1.1) 

If one takes for &he Input function x(t) of the first element of the 

chain the Input function of the lag element considered above, then the rela- 

tion (1.1) will be fulfilled at any Instant t , and the output functions 

of the chain elements will be determined by Equations 

y1 (t) = Z (t - z / m) 

7Ja (t) = y1 (t - z / m) = 2 (t - 2% / m) (1.2) 
. . . . . . . . . . . . . . . 
tJm (t) = pm_1 (t - r / m) = 2 (t - z) = y (t) 

Here x(t) Is the continued input function of the lag element; v(t) Is 

its output function. Let us construct the chain of successively connected 

aperiodic links described by a system of ordinary differential equations 

with the ipltlal conditions 

On-12,’ + 21 = 2 (t), 21 (to) = 91 (&J = 2 (4l - z/ 4 = x11.(- T/m) 

zm-1 z2' + 22 = 21 (t), 22 (4J = 92 (4l) = 5 (kl - 22 / m) = Z2t, (- f / m) 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1.3) 
ma-lz;, -I- z, = z,_, (t), Zm(to)=~m(t”)=z(t,--t)=~~1.(--/m) 

The evaluation of the differences 8j (t) = Zj (t) - gj (t) (j = 1, . . . , m), 
and also certain properties of the system (1.3) will be given below. 

By the estimate derived earlier, we have 
coincides with Ka or with Up/2 , 

1 El (t) 1 <A (z / d’; where A 

x(t) . 
depending on the hypotheses relative to 

The Input of the second lag element Is ul(t), while the Input of 
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the second aperiodic link is z*(t) = yl(t)$a,(f). The function r,(t) can be 
represented In the form of the sum z,(1j(t) _j_ 3(2)(~), where %(I) (t) and %(*1(f) 
are solutions of the problems 

(T / /?L) zy + J’) = y1 (l),z,(l) (to) = y. (to) I 

(t / nl) 22 (2)’ + zJ2’ = El (f), zJ2) (to) = 0 

Prow, we obtain easily 

I 82 (1) I = I z2 (1) - 2/z (4 I < I dl) 0) - yz (1) I _t I d2) (2) 1 f 

fA(t/m)2+A~~/!)2=2A(r/m)z 

Continuing in the same msnner, we get 

1 ej t2) I d iA (T/m)2 

By replacing j on the right-hand side of the inequality by its largest 
value, we obtain 

lej (t)lfAm-'t2 (i = 1, . - ., m) (1.4) 

From this It follows that x,(t) + u(t) uniformly on the interval Ct,,t,] 
as m-a. 

We note the follmlng property of the system(1.3) : If lzj(to) I<& (izl*- - l P d 
and If Ia:(t) wherr to< t < t,, then 1 zi It) I < 8 when t, < t f t, (j = i, . . ., n). 

Let us weaken the requirements on X( ) by assuming that it SatlSfieS the 
Lipschltz condition with a constant K~ or 
tlve bounded by a constant M,). 

'i that It may have a first deriva- 
We consider the smoothed input function 

t+h 

z(l) (t) = f 
s 

23 (E) dE (to - T B t < G) 

i 

!oktiLuous and constant) 
t e unction x(t) oil the Interval [t,, t,+ h] Is continued so as to be 

. 
Its first derivative z(l)’ = [Z (t -k h) --2 @)1/h satisfies the Llpschltz 

condition with the constant 2X1/h (or else It has a derivative bounded by 
the constant W,/h) + 

Let us evaluate the function I = z(1) -z(l) (t). If x(t) satlsfles the 
Lipschits condltlon,then 

f+h 

l P (t) l = 
I 

x (t) - ; \ x(S) a I = Iz (t) - z (~)I 0<@,<tS. 4 
t 

Thus, in this case 1~ (2) (t) I < K&m 
If x(t) has a bounded first derivative, then 

t+h f+h 

1 x(“) (1) j = 1 x (f) - ; s lx (0 + (5 - f) xv (e (E))I d4 ( B k 1 (E - t) hf,g = E$ 
t t 

Because of the linearity of the systems (1.2) and (1.3), their output 
functions y(t) and , (t ) which corresponds to the continued input function 
x (t) = x(‘)(t) + P)(t) will be sums of the output functions of these systems 
and will correspond ‘to the continued functions r(l) (t) and &). 

Hence, 

I 2, U) - Y @I I = I z, (l) (t) -j- z (.a (f) - y(l) (t) - y@) (1) 1 < 

B I zm(l) 0) - Y(l) 0) I + ;z m la) (t) I 9 I y(2) (1) I 

It Is obvious that 
The 

1 y(‘) (I) 1 =I cf(‘) (t - T)l Q K,h (or n, )L/2, reapectlvely) . 
same inequality holds for Iz,‘)(t)I because of the 

the chain of the links. For an estimate of the quantity It 
one can use the lnequalfty (1.4; because 2 0) (t) is a sufflc&tly smooth 
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function. Hence, 

I+(t) -y(OI<X,+/hmfX,h (correspondingly, M,talhm + M,h) 

If we set h = T&II , then we obtain the following result. 

Theorem 1.1. If the continued Input function Is the same for 

the lag element and for the corresondlng chain of the m aperiodic links 

and If It satisfies the Lipschits condition with the constant K, (or has a 

first derivative bounded by M,) then the output function of the lag element 

and of the chain of aperiodic links satisfies the Inequality 

I h(t) - 3 (t) 1 < 4KidVFh or 2M1 T/Vii (1.5) 
Note 1.1. Obviously, the following lnequalltles are true: 

I Zj (t) - yj (t) I;6 4Kl~ / VG ( or 2M,r / V/m) (i= I,. . ., m - 1) (1.6) 

N o t e 
to y(t) 

I.2 . It Is equally easy to prove the convergence of z,(t) 
as m - o for an input function r(t) which fulfills only the 

requ rement of continuity. 

2. &qmxlm8tlon of a ryrtrm with 8 lag 8rgumnt by mranr of 8n ordltury 

rY8tan of dlffrrrntlrl l qu8tloM. Let us consider a system of differential 

eqUatlOnS with one constant lag 

dxi 1 dt = Xi (t, Xl @I, - * *, %a @I, Xl (I - 4, * * -9 2, 0 - Tg> 

(<=I,..., n) 

For the sake of brevity, we shall write the last equation In the vector 

form 
(1x/ dt = X (t, x, x (t - z)) (2.1) 

Let functions K,(t,x,y) be defined and continuous In all arguments such 

that 
1x11+ * * * + IGj<H, Iy~l+ - -. +l?hl<H for ta-4 

Furthermore, it Is assumed that Xi (t, 0, 0) G 0 and that the functions 

X,(t,x,y) satisfy a Llpschltz condition In the argument x,y (Uniformly 

with respect to t ) 

I xi (tt z, $4,) - xi tt7 xo9 Y") I < LI $,I xk - xk” 1 + 

+L2k$l bk- Yk”i for t),A (2.2) 

Replacing the system's lag elements by chains of m aperiodic links, we 

obtain an approximating system of ordinary differential equations of order 

n(m + 1) 
* = x (t, 20, Zm), 

dt 
Zj = (Z,j, - a ST Z*j) (2.3) 

dzl JqZ()-Zl), . . .( 2 =+n_,- 2,) dt= ‘5 
(j=O,l,...,m) 

Let us establish some properties of the solutions of the system (2.3) 

which are analogous to the proPertIes of the solutions of the system (2.1). 

It Is not difficult to establish [3] that the possible rate of increase of 

the solutions of the system (2.1) Is determined by the constants of the 
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Lipschitz condition of the functions X,(t,x,y) . We note that this remains 

true uniformly with respect to m also for the system (2.3) In spite of the 

fact that the Llpschltz constants of the remaining right-hand side parts of 

(2.3) (for ,I = 

Suppose that 

Inequalities 

Furthermore, 

1 ,-.., m ) Increase with m as m/7 . 

the Initial conditions for the system (2.3) satisfy the 

i / zlj' j < 6, (j- 0, . ) m) 

let 
in- I 

for $0 f 5 < 1 

From the vector equation dz, / dt = m (zO - ZJ / T we obtain 

Zil (t) = &lo exp -m ; - kJ) + _$ \ zio (E) exp m (S,Q /g 

to 
Hence, 

<M(L) [Icxp -m;-to) + -$xpm(5_t) G] = M(t) 
to 

Continuing In this manner, we get 

In view of the first equation of (2.3) we have 

Go (0 = 30’ + S Xi (ET Zo (89 Zm (0) G 
19 

Therefore, 

(i = 1, . . . , n) 

From this, one can easlly [3] obtain the Inequality 

i$ 1 zij (t) 1 < M (t) < 6 exp In (~1 + LJ (t - to)1 (i=O, . . . F m) (2.4) 

For the solution of the system (2.1), the following property holds: If 

a certain set of initial functions and their corresponding solutions x*(t) 

(t = l,..., n) are bounded by some number 6 when t,--<\<<GJ+2., 

then the set x,(t) Is bounded by the number A6 (where A is some constant) 

when t, < t < to + z 

An analogous property holds uniformly In m also for the system (2.3), 

where the role of the derivatives Is played by the divided differences 
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3, j-1 - 5j 
Tlrn (i = 1 * . ..) n; j=l,..-,m) 

n 

Because of the system (2.31, the follawSng equations are true: 

..~*....,...*...,,....,........) . ..“.....*.*n.aI~.‘...‘. 

D 
- 30 

. l ,**.......**,..*.,.**“...........~.*. . . . . . . . . . ..I..., 

The expression (1 A- m(i+ fs) -k . ..+ {mtl+ j3)lm-‘t@b- I)!) can be esti- 
mated from above by the sun of' an infinite decrea&ng geometric 
"ft:k fir;st term [~(i + f$}j"l/(~- i)! and denamlnator l/(1 + @ P 

regression 
. There- 

, 
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Using Stirling's formula, we obtain finally 

1 vij (to ~ Z (1 +B)) 1 d 26 ~ ( ) *~ 6c, ( i=l,..., n 

pr Jf2x i = I,..., m‘ 1 
(2.10) 

Combining (2.7) and (2.10) we obtain an inequality which holds uniformly 
In m 

I ‘i,j-1 
- % 66 (Cp f &+L,) 

( 

i=l,...,n 

7 / m i = 1,..., m * > 
t = to 9 (1 -I+ p, ,‘F (2.11) 

Let us next consider the question of the nearness of the solution of the 

system (2.1) to that of (2.3), assuming that the Initial conditlons\z,," of 

the system (2.3) are constructed from the Initial conditions of the system m 

(2.1) in the following way: 

Zij (to) = Zij’ = Zi (to - jT/?tZ) (i=I,...,n; i=O,...,m) (2.42) 

Let us suppose that the functions Xf (8 (to -T,<<<t) satisfy the 

schltz condition with the constant x,(t) , the same for all functions 

(t = l,...,n). 

Let Nj (t) = max i: 1 Zij (E) - xi (E - jz / m) (to < 4 d Q 
i=l 

Lip- 

sum Let us represent 
z (1) + 2.w 

zij (i = 1, . . ., n; j = 1, . . ., m) in the form of the 

lr:'it:al"cdndlt:~~~e % 
(1) and ~,:a) satisfy the systems of equations with the 

(7 / nt) zi;(l) + zip) = xi (t), zry) (to) = 5.p) = xi (to - z / m) 

(T / m) zi;(l) + 
'i2 

(1) = zip, z&l) (to) = zii = zi(t, - 27 / m) 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

z$) (to) = zib = zt (to - rnT / m) 

zio (t) - 2i (t), zip (to) = 0 

(; / m) zip) + ziy = z.(2) _ 12 ’ zip (to) = 0 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . ..I. 

(T / & ,.'(2) f LIn z (2) = z.(2) im 1,7?I-1, 2,:) (to) = 0 

From (2.13), (1.2), (1.5) and (1.6) It follows that 

(2.13) 

(2.14) 

Zijl) (t) - Xi (t - iz / m) 1 <‘v , 
m, 

-+j Iztj:2’(t)1<No(t)( (;Fl’*-y 
i=l 

,. . .,m 

From (2.14) we obtain 

Nj (t) < NO (t) -t 

4nK, (t) T 

V/m 
(j = 1, . . ., m) (2.15) 

In view of (2.1) and (2.3) we have for "i=Zi(t) and ~+c=z~o(~) the fol- 
lowing equation 

21 = +01 + $ X,G, 5 (5)J (E - T)) dj, ii0 = Xj (to) -ii Xi (5, z, (8, z,,, (E)) d5 
then 

3 

'0 

1 'io (t) - 21 (t) 1 Sn\ I&No (5) + L, N, (&)I d% < 

i=l , i. 

’ <n (L, + L%) No (5) + 4nK;g Lzr] d% 
m 
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and hence, 
t 

No 0) < n @I -I- &I N, 65) -k 
4nK1 (8 L2r 

,Tl’J* 1 
& (2.1(i) 

3. Prrrrrvrtlon of ItabilIty in the pmoagr to the rrpproxlnWlng ryrtrm 

and baok. Let us examine the systems (2.1) and (2.3). 

Theorem 3.1. Suppose that the trivial solution of the system 

(2.1) Is uniformly asymptotically stable, and that there exist constants 

a> 0, B > 1 such that for all sufficiently small 6 the Inequality 

I Xl (0 I + * - * + I xn (4 I < 6 @o-T < t < to) 

Implies the Inequality 

I Xl (0 I + * - * + 1 xn (t) 1 < B&F= (f-t*) 0 > to) (3.1) 

Then for m large enough, the trivial solution of the system (2.3) is 

uniformly asymptotically stable. 

Proof. Let us assume that the Initial data for the system (2.3) 

satisfy the conditions 

We shall determine the initial functions Xi (.?) (to-_ <t-s to) for the SYS- 

tern (2.1) by setting them equal to zi,6 at the points to- jr/m I and making 

them linear between these pol.nts. By (3.1), when t > t,, the components of 

the solution x,(t) of the system (2.1) satisfy a Llpschltz condition with 

the constant (L,+ L,)B~ ; therefore, when t > t, - T the functions x,(t) 

satisfy the Llpschltz condition with the constant 

K, = max [M, (LI + Ii,) B61. 

Prom the Inequalities (2.15) and (2.18) we now obtain 

(i=O,...,m) (r-3.3) 

Next, let 
n 

Iz I G I < 
8 

i=l 2B exp In (L + Lz) (1 + 8) %I 

where c IS a sufficiently small positive number. Suppose that T= c-'l.n4B 

and that m is so large that 

4nCT 

(LI + L3) G 
(L,eTl (La+L) tT++ f2+B)) + LJ < l/d 

C= max [(LI+&) B, C~+-hfLl 

We shall establish the Inequalities 
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i 
i=l 

n 

I Zli tt) 1 <& on the interval [to, t,, + ~(1 j-p)] 

2 1 Zil Ct) I < & on the interval [to + z (1 + P), to i- T + z (3 + 3311 
f=l 

ibir(t)l <& on the interval [to + T + z (2 + /3), to + T + z (3 + 29)] 
i=l 

The first system of inequalities can be obtained directly from (2.4). 

Because of (2.11) 

2. z. j-r -zij 
zlm 

<&(Cp + Ll + L) for t = t0 + (I + PI z 

If we determine the initial functions for the system (2.1) as above in 

the derivation of the ineqyality (3.3) but for the initial instant &+(l+@)~, 

then, if t E [to -t z (1 -j- fJ), t, + T + -c (3 + 2fl) 1 we obtain 
n 

On the interval 11, + z (1 + j3), t, + 2' + 'G (3 + 281 we now have 

The first term on the right-ha:id side of (3.4) does not exceed c/2 

when t > t,, -j- z (1 $- p), because of (3.1); it will not exceed c/88 when 

t > t, + T + T (2 $- /k!), because of the choice of T . This implies the 

validity of the statement made in regard to the behavior of the quantity 

I zlj (t) 1 + - - - + / zni(t) 1. 

Again let us determine the initial functions for the system (2.1) by means 

of the values of z,,(t) when 

t E It,, + T + -r (2 + 2j3), t, + T + T (3 + 28)1. 

By the same method we obtain 

i 1 zij (0 1 < + for t E [to + T + z (3 -k 2;)s to + 2T + z (5 + 3P)l 
i=l 

i 1 Zij (t) I< & for t E [to + 2T + z (4 + 2P), to + 2~’ -1 f (5 + 3P)l 
i=1 

Repeating such steps (of time-length 7 + ~(2 + B)) we arrive at the con- 

clusion that on the interval 

[to + 1~2' + z (2k + 1 + (k + 1)/Q t,, + (k + 1) 2' + z (2/c + 3 + (k+ 2) B)I 

the following inequalities (3 = O,l,...,m) are valid: 
,1 n 

2 1 Zij (t> I <$ 7 

i=l 
if 2 I zii (to) I < 

i=l 
2B exp [n (Ll t LX) (1 + PI ~1 
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From this follows the conclusion of the theorem on the uniform asymptotic 

stability of the trivial solution of the system (2.3). 

N.ote 3.1. From the proof of the theorem if is not difficult to 
establish that there exist constants B,),1, a,>o' which are the same for 
all large enough m , and whikh are such that the Inequality 

i 1 Zij (to) 1 < & implies 5 [ zij(t) < B1&-ulff’f’) 0’ = 0, . . ., m+ t 3 tc) 
i=l i=l 

Theorem 3.2. Suppose that the trivial solution of the system 

(2.3) is uniformly asymptotically stable, and that there exist constants 

aI> 0, B, > 1 such that for all sufficiently small 6 the inequality 

1% tto) I + - * l + I zni (to) I < 6 
Implies the inequality 

1 Zlj(tf)) 1 + . . s + 1 Znj (to)1 <B16Ca'l(f-f*) 

Then the trivial solution of the system (2.1) 

asymptotically stable if m Is larger than some 

B,, nr 7, L1 and ~2. 

(i=O,. . .,m) 

o’=o,...,na; t>to) 

will also be uniformly 

quantity depending on a,, 

Proof.. Suppose that the initial functions for the system (2.1) 

satisfy the Inequality 

~l~i@H< 2Bexp[~~~+Ls)~l (+- x‘d t d to) 
i=l 

Here, e > 0 is an arbitrary small positive number. Then, [3] 

ht)l<& for&--T'(t<bo+T 
i=l 

Let us determine the Initial conditions for the system (2.3) at the instant 

t,+ 7 by setting Zi] (&, + T) = Xi (ts f 'C - i'C / RZ). Suppose that 

% (t)= max,j$l zio (E) - xi (%I I (to + T d 4 Q t) 

Obviously, N,(t,+ -)- 0 ; let us define N,(t)= 0 when t < t,+ T . 

Let 

(to-l:fIGtt) 

We have F(t) <a f ZB, when to-T<t<tto$‘C. ‘&en 

i I xi ft) I < i ) Go ft) 1 + i j Go (0 - 4 (2) / <B, & + NO (Q for t>to+x 
i=X i=l i-=1 

Thus, F (t) f '/aa + NO (t) when t > to - T. 

When t > to the functions r,(t) have continuous first derivatives 

Zt' (t) = xi (t, 5 (t), 5 (t - 4). Hereby the following Inequality holds, 

\ 9’ (t) 1 f (L, + r;J F (t) (i = 1, . . ., n). By replacing the coef- 

ficients 9 by 2 which is permissible in view of the continuous dlfferen- 
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tlability of r,(t), we obtain from (2.18) the next Inequality 

No 0) < n i [G + u No (E) + 
2n GI + Lz) (e / 2 + NO (4)) Lz~ 

‘1. I dE = 

t,=+ m 

f.fT 
Hence, 

neL+T 
N, (t) < -L 

rn”’ + 2nzLz 

Let 1’ = aI-‘ln4B1 

n (L, + L2) I+ ( 2*)(“-to-“,]-1] 

and m be so large that 

nL2.T 

nl’ * + 2/lT& 
exp n(L, + L,) I+ 

[ 
( S)(T + 2+-l<& 

Then 
n 

on the interval [to+T, to$_T+3tl 

The proof Is completed the same way as above, 

N 0 t e 3.2 . If the systerns(2.3), which approximate (2.11, satisfy 
the conditions of Theorem 3.2 for m large enough, while the constants B 
and a1 do not depend on m , then the trivial solution of the system (2.1), 
by Theorem 3.2, Is uniformly asymptotically stable. From the remark in 
regard to Theorem 3.1 It follows, furthermor.e, that the stability of the 
thlvial solution of the system with lag satiafSring the conditions of Theorem 
3.1, can always be determined with the aid of a sufficiently exact estimate 
of the constants B, and al of the approximating system of ordinary Ulffer- 
entlal equations for large enough m by means of Theorem 3.2 
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